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By S. B. Batdorf,M3nuelStein,

LW4MARY

CYLINDERSIN .2’W=ON ...

and MurrySchildcrout

A theoreticalsolutionis,givenfor the criti~al,stressof
thin-V?Qlledcylindersloadedin torsion: ‘l’her&ults are presented
in termsof a few simpleformulasand curyeswhich are applicable
to a wide range of cylind6rdimensionsfrom very short”cyllndersof
largeradiusto long cylindersof smallradius. Theoretical
resultsare foundto be in scmwhat betteragreementwith experi-.
mentalresultsthan previoustheoreticalwork for t“hesemsrange
of cylinderdimensions. .

.
,.

INTRODU@ION’ “ ‘“
.,,,.

For most practicalpurposesthe solutionto the problemof
the bucklingof cylindersin torsionwas givenby Doqnell-inan “’
importantcontributionto shelltheorypubltshedin 1933 (reference1).
The presentpaper,which givesa solutionto”’thesame problem,
has two main objectives:first,to presenta theoreticalsolution
of somewhatimprovedacouracy;‘second,to help completes eeries
of paperstreatingthe bucklingstrengthofcurvedaheetfroma
unifiedviewpointbased on a methodof analysisessentially
equivalentto that of Donnell@t coneidera%lysimpler. (See, ,
for example,references2 and 3.)

The methodof solution.inthe presetit’paper”ib’thht”’developed
in reference3. The stepsin the theoreticalcomputationsof the
crttical
givenin
formulas
cylinder

stre~sare containedin the‘appendix.Tfieresultsare
the form of nondimensionalcurvesand simpleapproximate
whichfollowthese curves’closelyin the usualrange of
dimensions.

‘f

. . .
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SYMBOLS
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J,m,n

P

r

t

,1.1

v

w

x

Y

D

E

L

Q

z

—

integers

arbitraryconstant

radiusof cylinder

thioknessof cylinderwall

axialcomponentof displacement;positivein x-direction

circumferentialcomponentof displacement;positivein
y-direction

radialcomponentof displacement;positiveoutward

axialcoordinateof cylinder

circumferentialcoordinateof cylinder

flexuralstiffnessof plateper unit length

Youngismodulus

lengthof cylinder

mathematicaloperatordef$nedin appendix

curvatureparameter@l/’= o. ~y:l=)

coefficientsof deflectionfunctions

criticalshear-stresscoefficientappearingin

,. formula Tcr + k~.~
-. Lt

Mn=A

[

(n2+ ~2)2+
~272 4

8p fi4(n2 + p2)2‘n 1

.

.-

‘~~‘Tm deflectionFunctionsdefinedin appendix
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h half wave lengthof bucklesin circumferentialdirection

P Poisson’sratio

T
cr

criticalshearstress

V-4 inverseof Vb,definedby V-k &

RESULTSAND DISCUS&ON
.,,

,

‘w

The criticalshearstressesfor cylindersare obtainedfrom
the equation

‘“~2~
rcr = lcs-.

L2t

The valuesof l:S for cylinderswith eithersimylysupported
clampededgesare givenin the form of logarithmicplots in
figure1. The ordinatein this figureis thecritical.shesr-

or

st~ess Ccjeff’icfent~~ The abscissais a curvatureparameter Z
which is @.vendirectlyby the theoryend involvesthe dimensions
of the cylinderend Poisson’sratto..

For very shortcylinderstie valueof the shear-stresscaef-
ficientapproachesthe “Taluesfor flat plates,5.34 when the e@es
me simplysupportedand 8.9~ when the edgesem cla?qed. As Z
increases ks also increasesand the curveswhich defined ks
are givenapprbxima.telyby stra@ht lines. For simply.suppor~d
cylinders, ,,.

ks = 0.85 Z314

For cylinderswith clampedod&es, .— —.—
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The range of validityof theseformulasis approximately

loo< z<lo~.
%2

For the case of long cylindersthe curves.of figure1 split
intoasariesof curvesdependinguyon the radius-thicknessratio.
These ctives,which correspondto bycklingof the cyJlnderinto
two circumferentialwaves (n = 2), departfrom the=stratghtlines

at approximatelyZ = l& or approximately:,~,=+3fi . ~~cau~e
t2 ..

the criticalshearstressof a long cylinderis almkt
independentof end conditions,the curvesfor differentvalues
of r/t applyboth to cylinders;withsimplysupportededgesand
to cylinderswith clampededges. These curvesare probablysome-
what inaccurate,however,becauseone of -therequirementsfor the
validityof the simplifiedequ”atiionof equilibriumueed is
that n2>> 1. A calculationfor long cylindersmade by Schwerin
and reportedin reference1 by Donnellsuggeststhat all values
corresponding.tothecurves.given in the:presentpaperfor “n= 2
sre slightlyhigh. .

In figure2 the resultsof the pres&t paperme comparedwith
thosegiverlbyDonnell(re~tirence1) andLeggett (reference4}.
The presentsolutionagree~q@.te closelywith that–ofDonnell
exceptin the transitionregionbetweenthe horizontalpert and
the slopingstraight-linepart of the curves, In t~is regionthe
Presentresultsare appreciablyless them thoseofDonnell
(msximumdeviationabout17 percent)but are ti,closeagreementwith
Leggettisresults,which are limitedto low val??esof Z.

In figure3 the presgntsolution,and that of Donnellfor the
criticalshearstressof simplysupportedoylindersare compared
on the basis of agreementwith test resultsobtainedby a number
of investige.tors~.(Seereferences, 5, 6, and 7.). ‘lh Curves
givingthe presentsolution,me appreciablycloserto the te,st
points. More than 80 percentof the test pointsare Within20 percent
of the valuescorreo~ondingto the theoreticalcurvefor simyly
supportedcylindersgivenin the-.~esentpaper>and sll points
are withfn35 percentof values correspondingto the ourve. .

In fQure 4 the presentsolutionfor criticalsheer-stress”
coefficientsof long cylinderswhichbuckleintotwo halfwaves
is givenmore fullythan in figure.1end is compare_&with test
resultsof references1 and 8.

.

.

.
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The computedvalues
in this paperwere drawn

\ 5

from which the theoreticalcurvespresented
ore given In tables

CON@UD~G ~

A theoreticalsolutionis givenfor the

1 and2.

bucklingstressof
thin-walledcylindersloadedin torsion. !l?heresultsare applicable
to a wide range of cylinderdimensionsfrom very shortcylinders
of largeradiusto very long cylindersof smallradius. The
theoreticalresultsare foundto be in samewhatbetteragreementwith
experimentalresultsthan previoustheoreticalwork for the same
range of cylinderdimensions.

LangleyMemorialAeronauticalLaboratory
NationalAdvisoryCommitteefor Aeronautics

LangleyField,Vs.,kkr.zk20, 1947
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APP331mrX

TKEORETZCALISOLUTION

The criticalsheerstressat whichbu~klingoccursin a
cylindricalshellmay be obtainedby solvingthe equationof
equilibrium.

Equationof’equilibrium.-The equationof equllikriumfor
a slightlybuckledcylindricalshellunder shearis (reference

) L4w
$v-~

a~w .03A7 -t- —-+ ‘2Tcrt —
2)X4 axa,y

where x is the axtaldirection
direction. The followingfigure
used in the analysis:

and y the circumferent~.al
showsthe coordinatesystem

3)

(1)

.

.

———

d

.

.
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.
Dividing&hrough equation(1)by D g.tves

wherethe dimensionless

and

parameters Z end k~ .eredefinedby

The equationof equilibriummaybe representedhy

‘W=() ‘
.

where Q is definedby

b

7

t

(3)

may be solved

99 m
Methodof solution.-The equationof equilibrium

by USingthe Galerkinmethodas outlinedin reference
aQplyingthis method,equation(3) is solvedby expressing w in

ter&& an arbitrarynumberof functions (Vo,Vls ● . ● Vj, WC),
WI, ● . ., Wj) that need not satisfythe equationbut do satisfy
the boundaryconditionson w; thus let

.,

“4 J
w=/- a~Vm+ ~~.bmwm

liiiio- m=O
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The coefficientam and ~ are then determinedby the equations

.

(5)

where
n= o, 2, 25 ● ● .$ J

—

. .

The solutionsgivenin the presentyaper”satisfythe following
conditionsat the ends.of the cylJnder:

For cylindersof shortand mediumlengthwith simplysupported
?%edges w..=~~ =V= O and ~ ‘i~ unrestrained.Fo~ cylindersof

‘=u=O and vie .-shortand mediumlengthwit]lclampededges w =
8$

unrestrainedd. For long cylinders w = O. (Seereferences2 and 3.)

Solutionfor Cylinders

Simplysupportededges.-A

supportededgesmay be takenas

m
w= 2.SinY: InJrxam sill—

. L

where X is
cumferential
if

m=l

the halfwave length
direction. Equation

.

of Shortend MediumLength

deflectionfunctionfor simply

the infiniteseries
4,

w.-

+ CosQ“L bm sin ~
h.

(6),

&-l”

of the bucklesin the cir-
(6)is equiv~ent to equation(4)
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Substitutionof expressions(6) and (7) into equations(5)and
integrationoverthe limltsindicatedgive.

where ,

n =1,2, 3,...-

ad m~n is odd. Equations(8)have a solutionif the following
determinantvanishes:

.
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where

%=$ [
(n2’+p2)2+

1z2n4
.— ‘1‘- 7c4(n2+ p2)2J

By rearrangingrows
intothe productof
to each other. The
followin~equaticm:

end columns,the infinitedeterminantcan be factored
two Infinitesubdeterminantswhich are equivalent
criticalstressmay thenbe obtainedfrom the

.

.

(9)

.

.

.
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from the second-~der determinant,

M1M2 (11)

The first approximation,
is givenby
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The secondappzymhatlon,obtainedfrom the third-orderdeterminant,
LO givewby

k~’i?. M1M2M3

.,
@+@3 ‘-. ..,

(12)

. .

T!hathirdapproximation,obtainedfrom the fourth-orderdeterminant,., is givenhy

(k~4~+.

Each of

(131

theseequationsshmtsthat for a selectedvalue of the .

.

.

cuPvaturoparam6ter Z the criticalbucklingstressof a cylinder
dependson the wave length. Sincea structurebucklesat the lowest
stre~ee.twhich instabilitycan occur,k~ is minimizedwith respect
to the wave lengthby substitutingvaluesof ~ intothe equation
untilthe minimumvalueof ka can be obtainedfrom a plot of k8
against ~. This procedtieis permissiblewhen p> ~ , that 1s, .
when the cylinderbucklesj.ntomore than two circumferentialwaves.
For the limitingcase of a cylinderbucklingintotwo waves,
uee the sectionof thepresent ayp@lx entitled “Solutionfor
a Long Cylinder”whichfollows.

Fi@re 5(a) showsthe convergenceof the determinantfor rylinders
with simplysu~portededges.

:,
.

Clampededges.-A ~roceduresimilarto that used for cylinders
wfth simplysupportededgesmay be followedfor cylinderswith
clempededges. The deflectionfunctionused is the following
Beri.es:

w= Isin~)$am-cos‘!2&- ~c)s kt_2.@
L----

M=o ‘- >... 1
m..-—

H

~b

1

~o~ (nl+2)fi;+ Cos —“
L m Coe ~ -

L..— L
Zrl=o

.

.
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Each term M this seriessattsfieethe conditfonon w at the edges.
The functions Vn end Wn are now definedas follows:

where

When
of simply
equatimm

n =0, 1, 2, . ● .

(15)

the same operationsas those carriedout for the case
eupyortededgesare performed,the followingsimultaneous
result:

For n = 0,
a rv ?m--&+ (m+ 2)2

ao(2Mo+ M2) - a2M2+ kS
m=l~335 1-4 (m+p)2-4 ‘0

Fern= l,,

_ (m+2)2

1

(m+2)2 o

“(IU+2)2-1 ‘(m +2)2-9 =

Fern= 2,3, 4...,

m

‘[
m2

an(Mn+ Mn+2)- an_2Mn- an+2~+2 + ks ‘) ~ —
... m2 _ n2

m2

m2-(n +2)2-

(m + 2)2 +
(m+ 2)2 – n2

(m + 2)2 1(rn+2)2-(n+2j2=”0
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where ml n is odd, ?;

For n = 0S

2

~2 (m + 2)2
%@o+ ~) ‘b2~ -.k~ ‘e ~ .— —_

Im=l,3,5 . 1m2-4+(m +2)2-4 ‘0

For n = 1,

<– ~ m2 m2 (m+2]2bl(Ml+M3)-b#3-k~ ~ am —-—-

L
~2_l m2 -9 (m +2)2-1

m=O,2;4

~ (D1.f.2)~- .0

(h +2)2-9-

l?cir n = 2,3, 4,...,

“?

[

~2 –
bn(~ln+Mn+2) -bn-2Mn-bn+@n+2 –k~ Z ~ —-__—

~2

;=3 m2 _ n2 m!2_.(n+2)2

,.” -.
= (m+2)2 * (m +2)2

(m+2)2-n2 (m+2)2-(n +2)2
J

I
,,- ,.%=*(n2+’p~)2+

,-

(16)

The infinitedeterminantformedby theseequationscan be,rearranged
so es to factorintothe productof two determinantswhichsre
equivalentto each other. The vanishing of one of thesedeterminants
leadsto the followingequation(limitedfor convenienceto the
sixthorder):

,.. .. .

*

.

—

.

——

.
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a. bl az b3 a4 b~

64 0 32-— .—
105 315

-’&3 g o

1472 1376
–+4 --—

m 1155

64 1472 416c)
n=3 -— -33 — :(M3+~) - — -

105 313 693 b

n=4 o ~ .+ - ~ +(M4+M6) &g
35 1287

* +(M5+M7)32n=5 -— 0 1376-—-
t 315 1155 -$%

The first approximation,obtainedfrom the second-order
determinant,is givenby

~s2 =
()
=2 (~+ M.2)(Ml+M3)
32

15

t

= o (17)

The secondaplroximetion,obtainedfrom the third-orderdetetinant,
is givenby

ksz = (MI+ M3) ~(2M0-tM2)(M2+ M4),-,M?2]

()

(19)
22

643Z+ (~y (% + M2}15 (%+w)-fi~

The thirdapproximateion, obtainedfrom the fourth-orderdeterminant,
is givenby

.

.



( )]_ r5L3Z+3?’W2 h!!j +l’”,(%l’+q)+q+2
1[ “1MI(M3 + “~) + “~ = O (’0)

105 lo’j 15 315, ~
.,.,

These eqwticw n& be E@ved in the mme way as In the pretious problemof
almplymzpported edges, by: substituting valueB of P into the equationUntilthe
minlmom~~ue of k~ is obtained from a plot of ,E and correspondl~ values of k=.

cylinders with simply supported edges. Figure 5(b) show the convergence of this E
determinant.

!3

.

,, .
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Solutionfor a Long Cylinder

A long slendercylinder
(
z>lo~

)
will buckleintotwo

tz
warns in the eircumferentb.1direction. H, in the previous
ca~esof cyli~derswith simplysupportedor clampededges,*he_
halfwave lengthin the circumferentialdirection X is taken
as ,fir/2,’it is possibleto find the criticmlstrem of a long
slendercylinderwlththe correspondingedge conditions.This
methodof solutionis laborious,however,becausedeterminantsof
high ordermust be employodto obtainsolutionsof reasonable
accuracy. The laboris greatlyreducedby the use of the following
deflectionfunction:

.,

.

—

%?=

{
1}al cos(~+3- Cos[-+* (a)

where “p+ 1 fs the phasedifferenceof the circumferentialwaves
at the two ends of the cylindermeasuredin quarte~revolutions.
This equationsatisfiesthe oingleboundarycondition w = O.
With this deflectionfunction,the functions V and .W all
vanishexcept

.. “N ~’”(?+:)- ‘0s[++ %]
., .. ..

(22)

.,.,, . . . . .

use of equations{~),..(2l),and .(22)and the relation
resuits

ks =

In the followingequati&: “
,,

f

[ ,()]+ (P +2)2+$*2 2+’
12z2(p+ 2 4

0]‘)}

4 ~z-z
(23)

fi4[(P+2)2+-# r
I_
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equationmay be written’

I

[

2
+ (p+2)2++ J&._ + l?X2(p+ 2)4

J-- r]Yfrl-p2

[

flu (p +2)2+* zt 2

r]r 1-v2
!

.

(24)

minimum valueof ke i~ obtained~rom a plot of’ p-‘andcorresponding
valuesof ks. The criticalstressof a long slendercylinderis
very insensitiveto edgereetraint;therefore,the solutionapplies
with sufficientaccuracyto cylinderswith eithersimplysupported
or clmnpede~es. The sheer-stress.coefficientfor long slender
cylindersis plottedagainstthe curvaturep&emeter in figure4,
and parts of thesecurvesalso appearin figure1.

.

.
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‘MIKE 1 .

THEORETICALEWXMR+3TRESSCOEFFICIENTSAND WAVETLENGTHS

OF BUCKLESFOR SEOItC-AND MEDIWHLENGTE CYLINDERS

Firstapyroximation Secondapproximation Third approximation
z -—

k~ P k~ P ks $

Cylinderswith sim~lysupportede~es

o ;.$ 0.770 5.34 0.790 ----- -----
1 .805 5.42 .860 5.41 0.865
5 6;68 1.00 6.22 1.015 ----- -----
10 8.36 1.24 7.’55 1●2(5 7.545 1.27
30 14.93 1.82 I.~.69 1.875 ----
100 34.09 2.74 27.86 2.91
300 76.80 3.86 62.47 4.18

1,000 189.5 5.40 153.0 5*95
10,000 1072 10.0 871.2 11.2
100,000 6050 17.9 4920 20.L t 4800

Cylinderswith clampededges
t

o 9.55 1.175 9.31” 1.205 9.09 1.205
1 9*57 1.18 9.32 1.21 ---- - ---- -
5 9.90 1.23 9.62 1.27 --- ---- -
10 10.79 1.35 10.42 1.38 - ‘lo,19 1.38
30 1.6.13 1.89 14.99 1.97 ----- -----
100 35.40 2.95 30.68 3.14 30.65 3.12

1,000 206.3 6.12 167.5 6.70 165.7 7.00
10,000 6960 20.85 5449 23.2 5310 24.8

i

NATIONALADVTSORY
C~ FOR AERONAUTICS -

.

.
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TABLE 2

20

100

—

z

4 x 103

3 x 104

105

106

2.5 x 104

105

610

lo~ “

lo~

106

107

.—-.

.-

428

2,450

?Sm

500

680

5,3m

47,900

476,000

4,800

35,200
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